Abstract. Rivière [11] proved an energy quantization for Yang-Mills fields defined on n-dimensional Riemannian manifolds, when n is larger than the critical dimension 4. More precisely, he proved that the defect measure of a weakly converging sequence of Yang-Mills fields is quantized, provided the W 2,1 norm of their curvature is uniformly bounded. In the present paper, we prove a similar quantization phenomenon for the nonlinear elliptic equation
Introduction
Let Ω be an open subset of R n with n ≥ 3. We consider the equation
in Ω (1.1)
We will say that u is a weak solution of (1.1) in Ω, if, for all Φ ∈ C ∞ (Ω) with compact support in Ω, we have for any Φ = (Φ 1 , Φ 2 . . . , Φ n ) ∈ C ∞ (Ω) with compact support in Ω, we say that u is stationary. In other words, a weak solution u in H 1 (Ω) ∩ L 2n/(n−2) (Ω) of (1.1) is stationary if the functional E defined by
is stationary with respect to domain variations, i.e.
where u t (x) = u(x + tΦ). It is easy to verify that a smooth solution is stationary. In this paper we prove a monotonicity formula for stationary weak solution u in H 1 (Ω) ∩ L 2n/(n−2) (Ω) of (1.1) by a similar idea as in [6] . More precisely we have the following result. Then r → E u (x, r) is positive, nondecreasing and continuous.
This monotonicity formula together with ideas which go back to the work of Schoen [12] , allowed to prove the following result. , and C(ε) → 0 as ε → 0. Zongming Guo and Jiay Li [5] studied sequences of smooth solutions of (1.1) having uniformly bounded energy, they proved the following result. Theorem 1.3. Let u i be a sequence of smooth solutions of (1.1) such that
is bounded. Let u ∞ be the weak limit of u i in H 1 (Ω) ∩L 2n/(n−2) (Ω). Then u ∞ is smooth and satisfies equation (1.1) outside a closed singular subset Σ of Ω. Moreover, there exists r 0 > 0 and ε 0 > 0 such that
We define the sequence of Radon measures
Assumption that the sequence ( ∇u i H 1 (Ω) + u i L 2n/(n−2) (Ω) ) i is bounded, and up to a subsequences, we can assume that η i ⇀ η in the sense of measures as i → ∞. Namely, for any continuous function φ with compact support in Ω
Fatou's Lemma then implies that we can decompose
where ν is a nonnegative Radon measure. Moreover, we prove that ν satisfies the following lemma.
Moreover, there exists some constants c and C > 0 (only depending on n and Ω) such that
where H 0 ⌊Σ is the restriction to Σ of the Hausdorff measure and Θ is a measurable function on Σ.
The main question we would like to address in the present paper concerns the multiplicity Θ of the defect measure which has been defined above. More precisely, we have proved the following theorem. 
where N x is a positive integer and where the functions v x,j are solutions of ∆v + v n+2 n−2 = 0 which are defined on R n , issued from (u i ′ ) and that concentrate at x as i → ∞.
The sentence "issued from (u i ′ ) and that concentrate at x as i → ∞" means that there are sequences of conformal maps ψ i j , a finite family of balls (B l i,j ) l such that the pulled back functionũ
In the context of Yang-Mills fields in dimension n ≥ 4 a similar concentration result has been proven by Rivière [11] . More precisely, Rivière has shown that, if (A i ) i is a sequence of Yang-Mills connections such that ( ∇ A ∇ A F A L 1 (B n 1 ) ) i is bounded, then the corresponding defect measure ν = ΘH n−4 ⌊Σ of a sequence of smooth Yang-Mills connections is quantized.
The proof of Theorem 1.5 uses technics introduced by Lin and Rivière in their study of Ginzburg-Landau vortices [10] and also the technics developed by Rivière in [5] . These technics use as an essential tool the Lorentz spaces, more specifically the
This paper is organized in the following way: In Section 2 we establish first a monotonicity formula for smooth solutions of problem (1.1) which allows us to prove an ε-regularity Theorem. Then, we prove Theorem 1.2 and Lemma 1.4. While Section 3 is devoted to the proof of our main result, Theorem 1.5.
A monotonicity Inequality
In this section, we establish a monotonicity formula for smooth solutions of problem (1.1). Using Pohozaev identity: Multiplying (1.1) by x i ∂u ∂xi (summation over i is understood) and integrating over B(x,r), the ball centered at x of radius r, we obtain
By Green formula, we get
On the other hand, multiplying (1.1) by u and integrating over B(x, r), we get
Deriving (2.2) with respect to r, we obtain ∂B(x,r)
Combining (2.1), (2.2) and (2.3), we get
Moreover, we have that
.
We obtain d dr
We conclude that
is a nondecreasing function of r. Using the fact that
one can easily get
We obtain an equivalent formulation of E u (x, r)
Moreover, using the fact that
u ∂u ∂r ds
Then E u (x, r) can also be written
Proof of Lemma 1.1. To prove that (x, r) → E u (x, r) is continuous it suffices to prove that
is continuous with respect to x and r. We have
Thus (x, r) → ∂B(x,r) u ∂u ∂r is continuous, and this allows to get the conclusion. Now, to prove that E u is positive, we proceed by contradiction. If the result is not true, then there would exists x ∈ Ω and R > 0 such that E u (x, R) < 0. For almost every y in some neighborhood of x, we have lim r→0 ∂B(x,r) u ∂u ∂r ds = 0 integrating E u (x, r) over the interval [0, R] and using the fact that r → E u (x, r) is increasing, we obtain
which is not possible. This proves Lemma 1.1.
Lemma 2.1. There exist r 0 > 0 and some constant c > 0, depending only on n, such that
for any r < r 0 /2.
Proof. Using the fact that (x, r) → E u (x, r) is nondecreasing, we have
where C(n) is a positive constant depending only on n. This gives the desired result.
As a consequence of Lemma 2.1, we have the following result.
Lemma 2.2. Assume that there exist x 0 and r
where C is a positive constant depending only on n.
Proof. Let x 0 and r 0 be such that E u (x 0 , r 0 ) ≤ ε and let 0 < r < r 0 , then for all
Integrating between 0 and r, we obtain
This proves the desired result.
Proof of Theorem 1.2. Without loss of generality, we can assume that x 0 = 0 and we denote by B r0 the ball of radius r 0 centered at x 0 = 0 . We use the idea of Schoen [12] . For r < r 0 , we define
Clearly F is continuous over B r
2
, then there exist y 0 ∈ B r 2 such that
, for all y ∈ B σ , we have
where σ 0 = |y 0 |. Let y 1 ∈ B σ0 be such that
We claim that
. Indeed, on the contrary case, we get
. We have
). Hence
Let v(x) = µ (n−2)/2 u(µx + y 1 ). Easy computations shows that v satisfies
On the other hand
Moreover, we have
For ǫ sufficiently small, we derive a contradiction. It follows that
This in turns proves the Theorem 1.3.
Proof of Lemma 1.4. We keep the above notations. To show (i), suppose x 0 ∈ B 1 \ Σ, then there exists r 1 > 0 such that
Then, we may find a sequence n j → ∞ as j → ∞ such that
We deduce from the ε-regularity 
for some constant C depending only on n. Then
a similar argument allows to show that
dx as radon measure. Hence ν = 0 on B r 1 16 (x 0 ) i.e x 0 / ∈ supp(ν) and then we deduce that supp(ν) ⊂ Σ. EJDE-2006/71 To show (ii), let us first recall some properties of the function E u (x, r) that has been defined above:
• For all x ∈ Ω, there exists r 0 > 0 and a constant C > 0 such that
This is explained in the proof of Lemma 1.1.
• Using the fact that E u (x, .) is increasing on r together with the fact that
we deduce that for H 0 -a.e. x ∈ Σ, lim rց0 B(x,r) ν exists. and the density Θ(η, .) defined by Θ(η, x) := lim rց0 η(B r (x)) (2.6) exists for every x ∈ Ω. Moreover, for H 0 -a.e. x ∈ Ω, Θ u (x) = 0, where
Now, for r sufficiently small and i sufficiently large
where Λ is given above and C(Λ, Ω) is a constant depending only on Λ and Ω. Hence η(B(x, r)) ≤ C(Λ, Ω) for x ∈ B n 1 (2.9)
In particular, this implies that η⌊Σ is absolutely continuous with respect to H 0 ⌊Σ. Applying Radon-Nikodym's Theorem [4] , we conclude that
Using 2.8 we conclude that
for a H 0 -a.e. x ∈ Σ (recall that η = ( For any y ∈ B n 1 and any sufficiently small λ > 0, we define the scaled measure η y,λ by η y,λ (x) := η(y + λx) (2.12)
We have the following lemma. In addition, for any r > 0 sufficiently small, we have
(2.14)
Finally for fixed λ,
in the sense of measures as i → ∞. On the other hand letting i tends to infinity in (2.14), we conclude that for any r > 0
Hence, we may find a subsequence {λ 
Using a diagonal subsequence argument, we may find a subsequence i j → ∞, such that
This proves the Lemma.
In particular, we deduce that χ(B r (0)) is independent of r.
Proof of Theorem 1.5
The idea of the proof comes from Rivière [11] in the context of Yang-Mills Fields. To simplify notation and since the result is local, we assume that Ω is the unit ball B n of R n . Let (u k ) be a sequence of smooth solutions of (1.1) such that
is bounded and let ν be the defect measure defined above. We claim that for δ > 0, we have
where ε(n) is given by Theorem 1.5. Indeed if (3.1) would not hold, we have for δ > 0 and k ∈ N large enough
and by Theorem 1.2 we have
This contradict the concentration phenomenon and the claim is proved. We then conclude that there exists sequences δ k → 0 as k → ∞ and (y k ) ⊂ B 1 (x 0 ) such that
(3.2) In other words, y k is located at a bubble of characteristic size δ k . More precisely, if one introduces the function
we have, up to a subsequence, that
This is the first bubble we detect. On the other hand, we have clearly that
Assume first that we have only one bubble of characteristic δ k . We have shown that
where Θ is defined above. It suffices to prove that
In other words there is no "neck" of energy which is quantized.
To simplify notation, we assume that y k = 0. We claim that for any ε > 0 small enough, there exists R > 0 and k 0 ∈ N such that for any k ≥ k 0 and Rδ k ≤ r ≤ 1 2 , we have
Indeed, if is not the case, we may find ε 0 > 0, a subsequence k ′ → ∞ (Still denoted k ) and a sequence r k such that
Let α k → 0 such that r k /α k = o(1) and α k r k /δ k → ∞ and let
and then we have a second bubble. This contradict our assumption. We deduce from (3.7) and Theorem 1.2 that for any ε < ε(n), there exist R > 0 and k 0 ∈ N such that for all k ≥ k 0 and |x| ≥ Rδ k
where C(ε) → 0 as ε → 0. Then
where L 2,∞ is the Lorentz space defined in [14] , the weak L 2 space, and · L 2,∞ is the weak norm defined by
where f * is the nonincreasing rearrangement of |f |. Indeed
We claim that the sequence (∇u k ) is uniformly bounded in the Lorentz space L 2,1 (B n 1 ) (see [14] for the definition). We prove this claim using an iteration proceeding; Indeed, the sequence (
is bounded in L 
. Here, we have used the following lemma.
In the case where α ∈ N, the result follows from the fact that [2] ). The general case is a consequence of the fact that the increasing rearrangement of the function |f | β is equal to the puissance β of the increasing rearrangement of |f | since (f β ) * is the only one function verifying 
is bounded in L is bounded in L where v i is defined by v i (y) = r i (n−2)/2 u i (r i y) , y ∈ R n . The proof of (3.12) can be done exactly as the proof of (3.4), the case of 2 bubbles is then proved. To prove the general case, for any number m ≥ 2, one can follow exactly the same strategy.
